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It is shown that if 21, 22 ..... 27 are nonzero real numbers uch that 2it2 s is 
irrational for at least one pair i, j then the values taken by 21 x~ + 22x~ + ~7 _ 3 2kXkk 
for integral x k are everywhere dense on the real line. A similar result is proved for 
9 ~ lX~"[ -22X32"~ - ' ' '  +)t6x36+)~Tx4+2sx 4. A notable feature is that in contrast o 
earlier work it is notnecessarily assumed that 21/22 is irrational. 9 1991 Academic 
Press, Inc. 
l. INTRODUCTION 
Two proofs are available for an asymptot ic formula for the number of 
representations of an integer as the sum of two squares, a cube, a fourth, 
a fifth, a sixth, and a seventh power of natural  numbers. One is due to 
Hooley [9 ]  and is based on the character sum formula for the number of 
solutions of n - - -x2+ y2. Another approach is via the Hardy-L i t t lewood 
method (see the author  [2]) ,  and it is therefore not unlikely that one 
can deal with the corresponding "inequality problem" (compare the 
author  [3 ] )  by means of a similar Four ier  transform method. We do so in 
our first theorem. 
THEOREM 1. Let # be real, and let 21, 22 .... ,/]-7 be nonzero real numbers 
such that at least one of  the ratios 2i/2j (1 <<. i < j <~ 7) is irrational Then, for  
some tr > 0 the inequality 
21x~ 7 
+22x 2 + ~ 2kX~+ < (max [xi[) -~ 
k=3 
has infinitely many solutions in integers Xl ..... x7. 
This result continues a theme set up in Part  I of this series, and we point 
out here that in contrast with earl ier work on similar problems 
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(see [1,6, 7]) we do not make the stronger assumption that 21/22 is 
irrational. Another result of the same flavour is 
THEOREM 2. Let p be real, and let 21,22 ..... 28 be nonzero real numbers 
such that at least one of the ratios 2i/)v (1 ~< i < j <~ 8) is irrational Then, for 
some a > 0 the inequality 
121X~'~22X3-] - ' ' "  q-26X3"~-27X47~-28X4ql-~[ <(max IxA) ~ 
has infinitely many solutions in integers x~ ..... x8. 
The associated representation problem for integers as sums of six cubes 
and two biquadrates have been considered by Hooley [10] who obtained 
a conditional asymptotic formula for the number of representations, and 
the author [5] who established an unconditional lower bound for this 
number. However, comparison might be somewhat misleading here. Our 
approach has to be rather different from both [10] and [5] in that we 
require Weyl's inequality for cubic and biquadratic exponential sums 
(which is not the case when dealing with problems of representing integers, 
as experts will readily recognize). 
2. COUNTING SOLUTIONS OF DIOPHANTINE INEQUALITIES 
We shall deduce an upper bound for the number of solutions of certain 
auxiliary inequalities. The method is due to Davenport (see Chapter 6 of 
[12]), and well known in principle. However, we have not been able to 
locate an appropriate reference so we proceed in moderate detail. 
Let k, 1/> 3 be natural numbers, and 2,/~ be real and nonzero. We are 
interested in an upper bound for the number S of solutions of the 
inequality 
12(x~- x~)+ #(Ytl + Y~-  Y~3- Y])I <2 k (1) 
subject to X< x < 28X and Y< y < 28y. A simple argument shows that 
there are no more than XY 2+~ solutions with x~=x2. By symmetry it 
remains to count solutions with x~ > x2. 
For any function 0 put Ad~,(x), h)= qJ(x + h)-qJ(x) and 
J j+ 1(r hi ..... hi+ 1) = J ~(Jj(0(x), h,, ..., hi), hi+ 1). 
We define Sj as the number of solutions of the inequality 
[2Aj(x k, h~ ..... hj)+#(y~ + y~-  y~-  y~)[ < 2 j -k 1 (2) 
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subject to 
X<x<28X,  y<y i<28y,  0<hl ,~ y l j (1 -k ,  
O<hi<P(2<~i<~j). (3) 
In (1) we put x = x = x2, xl = x + h. Then it is readily seen that 
S 4. XY  2 + ~ + $1. (4) 
Let Sj(h I ..... hi, Y2, Y4) be the number of solutions of (2) with prescribed 
values of hi ..... hi, Y3, Y4. By Cauchy's inequality, 
Sj = X Z E S(hl ..... hi, Y3, Y4) 
hl<~yIx  1-k O<hi<a v Y<y3,y4<28Y 
i=2 ,  - . , j  
1/2 
( yI + 2xj-k) 1/2 E' 
J 
where 
Z = E Z S(hl ..... hi, Y3, Y4) 2" 
j hi ..... hj Y3, Y4 
Note that ~ j  equals the number of solutions of the system 
[2Aj(xk, hl, "", hj)+ #(Yll + Yl--  Yt--  3 
IAAj(x~, hi ..... hi) + #(y ' /+  y~' -  y~ - Y~)I < 2 j k-~ 
with variables ubject to (3) and Y< Y'I, Y~ <28y.  
We count solutions with Xl=X2 first. The first inequality has Sj 
solutions. Moreover, the number of solutions of y ' /+  y~= u is ,~uL Thus, 
when xl = x2, h, .... , hj, Y3, Y4 are given, the second inequality has ~ (XY) ~ 
solutions. 
Now consider solutions with Xl > x2 which again suffices. Subtract the 
two inequalities and put x l -x2  = hi+ 1- This shows that there are ~S j+I  
solutions with x i > x:, and it follows that 
Sj ,~ (X; k y,+ 2)1/2 ((Xy)~ Sj + S;+1)1/2. (5) 
From an explicit evaluation of Aj(x k, hi ..... hi) (for which we refer to 
Chapter 6 of [-12]) we easily deduce that Sj,~ y4+~ whenever j~<k-  1. We 
now assume additionally that Yt=XV+k- I  for some real v in the range 
0 < v < 1. Then a combination of (4) and (5) readily leads to the bound 
S,~XI+~y2(1 + Xv(X-2 + X-V- J - ly2)  2-j) (6) 
for any j satisfying 1 ~< j ~< k - 2. 
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We consider two special cases for later reference. 
LEMMA 1. Let 2, tl be nonzero real numbers. Let T denote the number of 
solutions of 
I + ,(y4 + y4_ y4_ f4')l < 89 
in integers xi, Yi satisfying P < xi < 28P, p~/3 < yi < 28p2/3. Then T~ p7/3 + ~:. 
This follows from (6) with X= P, Y = p2/3, k = 3, l = 4, v = 2/3. 
LEMMA 2. Let 2, # be nonzero real numbers. Let T denote the number of 
solutions of 
12(XTl- XV2)+ It(y~ + y~-  y~-  y45)1 < 
in integers xi, Yi satisfying P < x~ < 28p, Q < yi < 28Q where Q = p46/37. 
Then T ~ pI +'Q 2. 
This follows in the same way from (6) with j=  3. 
Lemma 2 seems to be a weak result at first sight since we iterate fifth 
powers with seventh powers. Davenport 's method is known to be more 
effective the other way round, but Lemma 2 will turn out to be a very 
useful tool in the proof of Theorem 1. 
3. PROOF OF THEOREM 1: OUTLINE 
From now on let a > 0 be a sufficiently small positive real number, 
e = cr 2. We may assume that 21 ... . .  27 are not all of the same sign, indeed 
that 2~/22 < 0 (change x3 into -x  3 if necessary). Since we may also replace 
X i by 2a'xi we may also assume that 1 ~< 121/23t ~<4; 12i/23] <2 -4 ( i#  1, 3). 
At least one of the ratios 2s/2j (1 ~<j~< 7, j#  5) must be irrational. Fix one 
such j and let q denote a denominator of a convergent to 25/2j. Put 
q=N 2, z=N~/~-~, pk=N~/k. 
We shall estimate the number J r  of solutions of 
7 -~- ]-~ 
Z 
k=3 
<~ 
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subject o 
P2 <x l ,  x2 < 28p2 
Pk < xk < 28pk (k = 3, 4, 6, 7) 
p0 < Xx < 28p ~ 
where 0 = 230/259 = (5/7). (46/37). 
As a first step we bound J/r from below by a certain Fourier integral. Put 
e(a)=e 2~i~. By Lemma 1 of I-8], for any r> 1 there is a function K: R~R 
such that 
K(~) = K( -~) ,  K(c0 ~ min(1, I~l -r) (7) 
and if/~(~) = S e(~fl) K(fl) dr denotes the Fourier transform, 
0 ~< R(u) ~< 1 (all cr R(o0=0 (1~1 > 1) R(~)-- 1 (1~1 < 89 (8) 
We introduce the exponential sum 
Fk(~, X)= ~ e(~x k) (9) 
X<x<28X 
and for sake of brevity we write 
Sj(~) = F2(2j~, P2) (j = 1, 2) 
f~(o~) =Fk(2kO~, Pk) (k = 3, 4, 6, 7) 
fs(a) = F5(2,~ ' pO) 
7 
f f (~)  = SI(~ ) $2(~ ) e(ap) K(otz) [I fk(~). 
k=3 
Then 
We dissect he real line 
AI= 
A2= 
A3= 
A4= 
f 
c:x3 
~>r ~-(a) da. 
--oo 
into four subsets, 
{~: I~[>~z-lN ~} 
{~: I~1 <N 8/9} 
{~X: N-8/9<~ I 1-4< N - 1 /4 -~ } 
{~x:N-l/4-~<l~xl<z 1N'} 
(10) 
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(, 
J(B) = JB ~(~) d~. (l l) 
The parameter r is still at our disposal. We choose r>8[1/e] .  Then (7) 
gives J (A1)~ 1. Also the method of Baker and Harman [1, p. 75] is readily 
adopted to show J(A2)~P3P4P~ For ot6A3, Theorem4.1 and 
Lemma6.3 of Vaughan [12] give Si(ot),~N 1/2[ot[ 1 With trivial 
estimates for fk, this implies J(A3)<~ P3P4P~ N- ' /9  Thus, by (10), we 
would arrive at the lower bound 
Jlg~ v 1PaP4P~ 7 (12) 
providing we are able to show / 
J(A4) '~ P3P4P~ ~. (13) 
Theorem 1 follows from (12). Hence it remains to verify (13). 
4. THE MINOR ARC ESTIMATE 
We shall first collect various mean values. It is clear that 
f~  IS,(ot) S2(ot)[ 2K(otz) ,~z dot 1Nl 
+ 2~ 
- -oo 
see [1, (24)]. From [1, (27)], we have 
f~  [Sa(ot) f3(ot) f6(ot)12 g(otr) dot ~'r 1Nl+2" 
-oo  
and 
fo~ IS2(a) f4(ot)212 K(otr)dot ~ r 1Nl+2~. 
We also have 
(14) 
(15) 
(16) 
f 
oo 
1 ~r:,o p:oo (17) IS:(~) f s(ot)2 f 7(ot)[ 2 K(otz ) dot ,~ r , -2 -5  -7. 
- oo  
To prove this we must estimate the number of solutions of the inequality. 
+ 25(Yl + Y2 -- Y3 -- Y4) + 27(7", -- z2)[ < 
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in integers ubject to 
P2 < x~ < 28p2, pO < Yi < 28p~ P7 < zi < 28p7 9 
By Lemma 2 there are ~p2pI+'P~ solutions subject o Xl = x2. But when 
x~ :~x2 the values of y~, Y2, Y3, Y4, 21, ~:2 determine x~, x2 within N ~ 
possibilities. Hence there are 
e 40 2 pzp~Op7 N P5 P7 "~ 
solutions with xl r x2. 
Now let B 7 be the set of all ~ 9 A4 such that IfT(cQI 63/64+e < P7 . Then, by 
(17), 
~B -- 1A/2e p D20p3 1/32 IS2(o~) f s(ot )2 f T(o~)212 dot ,~ "r ,, -2 -s  -7 
7 
lbD40hD4]~  40 
,~'c --5 --7" 
providing a is sufficiently small. Combining this with (15), (16), and 
H61der's inequality, we see from (11 ) that 
J(B7),~ (z 1N1+2~)1/2 ( 'g- lNl+2e)l /4 I-i- 1~40~4~7 4o~1/4 
'~  ~5 - -7 ~v ! 
,~ P3P4P~ N ". 
We are now in a position to give a major arc treatment to A4\BT. For 
easy reference we state some well known facts on Weyl sums here. If 
Fk(a, X) is as above and IFk(~, X)I >X 1 ~:+~ where K=21 k, then there 
are coprime numbers b, r such that la -  b/rl <~ r-1Xk(g--1) and r ~< X kr. In 
particular we see that 
f A do~ <~ N-31/32+e'~ 1 4\B7 (18) 
Moreover, for k~>3, a straightforward application of the Hardy-  
Littlewood method (see Section 4.4 of Vaughan [12] for details) now gives 
fe~kIfk(o~, X) I  k+l  d~ ,r X 1 +~, (19)  
where ~k is the set of all a  9  [0, 1] such that IFk(a, X)I >X 1-K+~. (For a 
complete proof when k = 3 see [3].) 
7/8 + e Now let B 6 be the set of all ~ 9 A4\B 7 where I f4(~)l < -4  o r  If3(~)l < 
641/37/2-7 
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p7/8 Since K(ot)-..< 1 we obtain from (18), (14), and Schwarz's inequality 3 " 
that 
J(B6)~p3P4pOp6P7N 1/32(N-31/32. c 1)1/2 (Nl+~r 1)1/2 
~. P3P4P~ P6P7 N-~. 
Let ~ be a measurable subset of A4\ (B  7 u B6). Since Fk(ot, X) is periodic 
we have from (19) that 
f~, [fk(ot)[ k+ '  dot<~'t" 1p1+3. (20) 
for k = 3, 4, 7. Now let B5 be the set of all ot ~ A4\(B 7 U B6) where If6(ot)l < 
P631/32+ e.Then, by (14), (20), H61der's inequality, and trivial estimates, 
J(B5) ,~ z 1/2Nl/Z+'(fsslf3(ot)14dot)l/4(fsslf4(~)lSdot)l/5 
• I/7(ot)l 8 dot pop31~321)3~5 ~5~6 ~7 
5 
9 ~ P3P4P~ N-~. 
Finally, let B = A4\(B 7 U B 6 W ns). We note that for ~ c B we have (20) 
when k = 3, 4, 6, and 7. 
Recall that 25/2j is supposed to be irrational for some j which we fixed 
in Section3. Suppose first that 3~<j~<7 (of course, j#5) .  Then, by 
Lemma 10 of Tsang [ 11 ], in all essentials, 
sup Ifs(ot) fj(~)l '~ (pOpj)l-p (21) 
~EA4 
for somc positive real number p. By (21), (14), and Schwarz's inequality, 
j(B)~Nm+~z 1/2 175(~) fj(ot)l dot] 1/2 
k=3 
k r  5 
• (eopj)./2~<,-~) 
For the remaining integral we use H61der's inequality with appropriate 
weights to reduce to various factors of the shape (20). Even in the worst 
case j = 3 one has 
1 1 2 
5+1 +j - -~+ k~3 k+l  >1 
k#j ,  5 
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so that this always leads to the bound 
J(B) .~. P3P4P~ P6P7 N-~. (22) 
This proves (13) when 3 <~ j ~< 7. 
Now let 1 <~j~< 2. By symmetry we may assume that j=  2. Again by 
Tsang [11, Lemma 10], 
sup Ifs(~) S2(~)I ~ (P2P~ 1 --P (23) 
~EA4 
for some p > 0. We now use H61der's inequality to obtain 
J(B) ~. sup Ifs(~) Sl(~) a/8 82(~)'/8[ 
~A4 
x( f  ~_~ [Sl(~ S2(cQl2 K(ctz) d~) 3/8 
X ( f B [f 7(o~)i8 do~) l/8 ( f B tf 3(oL)t4 do~) 1/4 
x(fB ,f4(~)lS do~) ~/8 ( f  B .~ ,/8 If6(~)l 8 d~) . 
By (14), (20), (23), and trivial estimates this again leads to (22). This 
proves Theorem 1. 
5. PROOF OF THEOREM 2 
We follow the same principles as in Section 3. Again we may suppose 
that 22, ..., 28 are not all of the same sign, and that 2~/2j is irrational for 
some 2 ~<j ~< 8, and by rearranging the suffices it may indeed be assumed 
that either j = 2 or j = 8. Let q be a denominator of a convergent to 21/)~: 
and put q=N 2, "c=N t-'r~3 with a>0,  ~=a 2 as before. Let 
P = N 1/3, Q = p2/3 ,  X = P/log P. 
Moreover let ~r be the set of all integers x ~< X constructed in the Lemma 
of Briidern [4]. Note that ~r has >>X/log X elements. We shall count the 
number Y of solutions of 
I ,x; + + 23x  + 24x, + 25x  
3 4 4 
26X 6 "71- ~7X7 -~- 28X 8 -~- ~1 < '[" 
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subject o 
P<Xl,X2, X3<28p; x4, x5, x6 ~,~, 
It will turn out that 
A "~r  INQZ(logN) 6 
which proves the theorem. 
We now write 
g~(~) = F3(2~ , P) 
hi(o~ ) = F4().io~ , Q)  
and 
Q<xT, x8 <28Q. 
(i= 1, 2, 3) 
( i=7, 8) 
(24) 
(25) 
G,(~) = ~ e(2,~x 3) (i = 4, 5, 6). (26) 
x ~ ~'  
Then we redefine ~(~) as 
i f (a)  = g,(a) g2(a) g3(~) G4(a) Gs(a) a6(a) 
• hT(a) h8(c0 e(~/~) K(ar) (27) 
and have in correspondence with (10), 
JV'>>r -1 ~(~) d~. 
sc 
Let A i (1 ~<i~<4) and J(M) be defined as before save that ~(~)  is now 
given by (27). The method from [4] is readily adapted to show that 
J(A2) ~ NQ2(log N) 6. 
Also, it is as easy as in Section3 to establish J(A1),~I and J(A3)'~ 
N ~ ,Q2, and the problem reduces to estimate J(A4). 
Again we start with certain mean value bounds. Lemma 1 gives 
f~ ig,(ot)hT(OOh8(~)12 K(~T)&t~ ~p~+~Q2 (28) 
0C3 
for k= 1, 2, 3. From [4, (12)], we also have 
fA IG4(c0 Gs(c~) G6(~)I 2 K(c~z) d~ ,~ 1X23/7 +e T (29) 
4 
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We note that 
~ x~c. ~ e(~x3) 8 d~,~ X 5+e 
This can be seen by interpreting the integral as the number of solutions of 
a diophantine equation, and then appealing to Hua's Lemma [12, 
Lemma 2.5]. It now follows that 
fA IG4GsG618/3 K(~z) dot 
4 
~<~A (]G418+IGsI8+IG618)d~v-lXS+3~ 
4 
(30) 
Similarly, Hua's Lemma gives 
fm [hvh818 d~ ~ fA4 ([h7116 + Ihs116) <~ Qlz + 2, r 1. (31) 
First consider the set g of all ct ~ A4 where [gk(ct)l < p3/4+2e holds for at 
least two values of k~ {1, 2, 3}. Then, by (27), (28), (29), and Cauchy's 
inequality, 
j(o~) <~ p3/2 + 4e z l(pl +~Q2)1/2 (X23/7+3e)l/2 <~ N 1 --~Q2 
as required. 
For the remaining ct's in A 4 we may assume that [gk(ct)] ~> p3/4+2e holds 
for at least two values of k, say k = 1 and k = 2. We consider separately the 
set fr of all ct where Ig3(~)l <p3/a+2e, and the set Jg of all ct where 
[g3(~t)[ )p3/4+2~. As in (20) we have 
f. lgk(~)ladct~v 1p1 +2~ (32) 
for k= 1 and k=2.  Hence, by (30), (31), (32), and H61der's inequality, 
j(f#) ~ pa/a+2~z-l(pl + 2~)1/2 (X5 + ~)3/8 (Q12 +,)1/8 ,~ N 1 -,Q2 
as required. 
Recall that either 21/22 or 21/28 is irrational. By the same argument as 
in (21) we find that 
sup Igl(ct) g2(ct)hs(ct)l ~(p2Q)l p 
~EA4 
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for some p>0.  Moreover,  when f# is replaced by ~ in (32), then this 
est imate holds for k = 1, 2, and 3. H61der's inequal i ty and (30) produce 
j ( j f )  ~ Q7/4 sup Igl(ct) g2(ct) hs(ce)l 1/4 
~t~A4 
x( f~ ]gl(~)14d~)3/16(! Ig2(ot)[4dot)3/t6 
• ~ [g3(~176 [G4GsG618/3d~) 3/8 
9 ~ N1 ~Q2 
provid ing a is sufficiently small. We may now conclude that J (A4),~ 
N 1 ,Q2. This proves Theorem 2. 
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